Abstract. We characterize the cuspidal representations of G2 whose standard L-function admits a pole at s = 2 as the image of Rallis-Schiffmann lift for the commuting pair SL2, G2 in Sp14. The image consists of non-tempered representations. The main tool is the recent construction, by the second author, of a family of Rankin-Selberg integrals representing the standard L-function.
Introduction
Let G be a reductive algebraic group defined over a number field F . In the theory of automorphic forms, for any automorphic irreducible representation π = ⊗ ν π ν of G(A) and a finite dimensional representation ρ of the dual Langlands group L G one can associate a partial L-function L S (s, π, ρ), where S is a finite set of places of the number field F outside of which π ν is unramified. It is defined by
where t πν is a representative of the Satake conjugacy class associated to π ν and q ν is the order of the residue field of F ν . Conjecturally, all such L-functions admit meromorphic continuation. The poles of the L-functions are of special interest since the images of functorial lifts can often be characterized in terms of these poles.
Poles of L-Functions of Non-Tempered
Representations. Let π = ⊗ ν π ν be an irreducible automorphic representation with unitary central character contained in the discrete L 2 spectrum of G.
If the representation π is tempered then the eigenvalues of ρ(t πν ) have complex norm 1 and hence the partial L-function is holomorphic for Re (s) > 1. The pole at s = 1 can occur.
Assume that there exists a reductive group H and an automorphic representation σ of H(A) such that:
(1) There is a map r : L H → L G such that ρ • r, as a representation of L H, contains the trivial representation with some positive multiplicity n. In other words ρ = n · 1 ⊕ ρ ′ for some representation ρ ′ of L H. (2) Outside a finite set of places it holds that r(t σν ) = t πν .
In this case, π is called a weak lift from σ of H(A). Then L S (s, π, ρ) = ζ S (s) n L S (s, π, ρ ′ ) is expected to have a pole of order n at s = 1 since ,by the generalized Riemann hypothesis (GRH), the term L S (1, π, ρ ′ ) is non-zero. The expectation is that the converse is also true. It has been verified in many cases such as [GJ01] and [GRS97b] .
If π is non-tempered, the poles of the partial L-function can be expected at real s larger than 1. The source of the poles is just the same as in the tempered case. The poles come from shifted Riemann zeta functions. Motivated by Arthur's conjectures, the expectations are as follows.
Assume that there exists a reductive group H and an automorphic tempered representation σ of H(A) such that:
(1) There is a map r : L H × SL 2 (C) → L G such that ρ • r restricted to L H contains the trivial representation. We can write ρ • r = ⊕(ρ j ⊗ Sym j ) and let k be the maximal index such that ρ k contains the trivial representation. Denote its multiplicity in ρ k by n. Each factor can be written as a product of shifted partial L-functions of σ, namely
In particular
The partial zeta function ζ S (s) has a pole at s = 1 and, for |S| > 1, a zero of order |S| − 1 at s = 0. The term L S s, σ ⊠ 1, 1 ⊠ Sym k admits a pole at s = k 2 + 1. It cannot be canceled neither by other zeta factors, by the maximality of k, nor by other terms, by GRH. Thus L S (s, π, ρ) is expected to have a pole of order n at s = k 2 + 1.
Again, it is expected that the converse is true, namely that the existence of a real pole s > 1 of L S (s, π, ρ) will imply the existence of a group H and a representation σ as above. This was also proved in various cases, such as [PSR88] .
The proof of the above expectation requires both a proof of the existence of the weak functorial lift and some information on the poles of the L-function.
The existence of the functorial lift can be proved by providing an explicit construction, such as theta lift or any of its variations.
Information on the poles of L-function can usually be obtained using a Rankin-Selberg integral representation. We demonstrate how the expectations come true in the following setting:
• G is the exceptional split group of type G 2 , so that L G 0 = G 2 (C).
• ρ = st : G 2 (C) → GL 7 (C) is the standard representation.
• H = SO (2, 1) is the split special orthogonal group of rank 1, so that L H 0 = SL 2 (C).
• r : SL 2 (C) × SL 2 (C) → G 2 (C) is the map described below in Equation (1.1).
The explicit construction of the weak lift above is fully realized using the Rallis-Schiffmann lift that will be described below.
The Rallis-Schiffmann Lift.
A remarkable construction of a class of cuspidal nontempered representations of the exceptional group G 2 has been obtained by Rallis and Schiffmann in [RS89] . The pair (SL 2 , G 2 ) is not a dual pair, but merely a commuting pair inside Sp 14 . Indeed, the centralizer of a certain embedding of SL 2 in Sp 14 is the group SO 7 × {±1} and G 2 is naturally embedded in the split special orthogonal group SO 7 .
Let ψ be a fixed additive complex character of F \A. For any cuspidal representation σ of the metaplectic cover SL 2 , its theta lift θ ψ (σ) to SO 7 is a non-zero and non-cuspidal automorphic representation. However, the restriction of functions in θ ψ (σ) to the subgroup G 2 (A) of SO 7 (A) defines a square-integrable automorphic representation of G 2 (A). This representation of G 2 (A) is cuspidal whenever the theta lift of σ to SO (2, 1) with respect to ψ is zero. This lift is denoted by RS ψ (σ).
It is not difficult to extend the definition of the lift from the cuspidal spectrum to all the summands of the discrete spectrum of SL 2 . This is done in [GG06, Section 12.7] .
The lift RS ψ (σ) is not necessarily irreducible. The question of reducibility has been studied in [GG06] by complete determination of the local lift. The local lift is used in order to define certain non-tempered A-packets on G 2 and the global lift is used to prove Arthur's multiplicity formula for these packets in most cases.
The construction is proven to be functorial. Although the group SL 2 is not algebraic, the Satake parameters of an irreducible automorphic σ of SL 2 (A) are defined via the Waldspurger map W d ψ that associates to every square integrable irreducible automorphic representation σ of SL 2 (A) an irreducible square integrable representation τ = W d ψ (σ) of SO (2, 1) (A). The map is finite-to-one.
Thus, whenever σ ν is spherical, the Satake parameter t ψ,σν is defined to be the Satake parameter of W d ψν (σ ν ). Note the dependence on the character ψ.
Recall that there are four conjugacy classes of homomorphisms SL 2 (C) → G 2 (C) corresponding to four nontrivial unipotent conjugacy classes in G 2 (C).
Consider the map
where the map restricted to the first copy of SL 2 (C) corresponds to the unipotent conjugacy class generated by a long root and the map restricted to the second copy of SL 2 (C) corresponds to the unipotent conjugacy class generated by a short root of G 2 .
For all ν such that σ ν , π ν are unramified, denote by t ψ,σν the Satake parameter of σ ν and by t πν the Satake parameter of π ν , which is a semisimple conjugacy class in G 2 (C). Then
In particular, π is a weak functorial lift of the automorphic representation W d ψ (σ) ⊠ 1 of SO (2, 1) × SO (2, 1) with respect to the map r.
1.3. Near Equivalence Classes. Let σ be an irreducible automorphic representation of SL 2 (A) contained in the square integrable spectrum. The near equivalence classes of the representation RS ψ (σ) have been studied in [GG06] . The expectation is that the whole near equivalence class of RS ψ (σ) is contained in the image of the lift RS ψ . To describe the precise result we first recall the structure of the space A 2 SL 2 which is the sum of all irreducible representations contained in the space of square integrable genuine automorphic forms of SL 2 . Recall from [Wal91, Wal80] the decomposition of the space A 2 SL 2 :
where τ runs over the cuspidal representations of SO (2, 1) and χ runs over the set of quadratic Hecke characters of F × \A × .
For each cuspidal representation τ of SO (2, 1), the space A τ is a sum of nearly equivalent representations σ such that W d ψ (σ) = τ . All summands appear with multiplicity one in A τ and form a full near equivalence class.
For each quadratic character χ the space A χ is a sum of irreducible summands of the Weil representation ω χ associated to the one dimensional orthogonal space whose discriminant defines the quadratic character χ via class field theory. Again, all the summands appear with multiplicity one in A χ and form a full near equivalence class.
Denote by V χ and V τ the Rallis-Schiffman lift of A χ and A τ respectively. Any cuspidal irreducible representation π in V τ is nearly equivalent to a constituent of Ind
, where P 2 = M 2 U 2 is the Heisenberg parabolic subgroup of G 2 and τ is regarded, by a pull-back, as a representation of M 2 ≃ GL 2 .
Any cuspidal irreducible π in V χ is nearly equivalent to a constituent of Ind
, where P 1 = M 1 · U 1 is the non-Heisenberg maximal parabolic subgroup of G 2 and π (1, χ) is the unitary principal series representation of M 1 ≃ GL 2 .
Conversely, the following theorem implies that if an irreducible representation π is nearly equivalent to a summand of V τ or V χ then it is isomorphic to such a summand. (1) If π is nearly equivalent to a summand of V χ for some quadratic Hecke character χ then π is contained in V χ . (2) If π is nearly equivalent to a summand of V τ for some cuspidal representation τ of SO (2, 1) then π is not orthogonal to V τ .
The lift in the opposite direction is naturally defined. For a cuspidal representation π of G 2 (A), its lift RS ψ (π) to a representation of SL 2 (A) is the span of the functions
where ϕ ∈ π, φ is a Schwartz function on A 7 and θ ψ (φ) is an automorphic theta function on Sp 14 restricted to SL 2 × G 2 . Computing the constant term of RS ψ (π) using the Schrödinger model it is easy to see that RS ψ (π) is necessarily cuspidal and, in particular, is contained in A 2 ( SL 2 ). 
(2) π is nearly equivalent to a summand of V τ for some cuspidal τ or to a summand of V χ for some quadratic χ.
The goal of this paper is to describe the set of representations satisfying the conditions in the last Corollary in terms of poles of the standard L-function.
The pole is simple unless π ⊂ V χ 0 , where χ 0 is the trivial character; in which case the pole is of order 2.
Proof. For any π nearly equivalent to a representation in V τ , one has
The factor ζ S (s − 1) contributes a simple pole at s = 2. Similarly, for π nearly equivalent to a representation in V χ , one has
and hence has a simple pole at s = 2 for χ = χ 0 and a pole of order 2 for χ = χ 0 .
In this paper, we will show that the converse is true. Namely, the existence of a pole of the standard partial L-function at s = 2 characterizes the representations π such that
The meromorphic continuation of L S (s, π, st) has been proved in the second author's thesis, [Segb, Seg16] , by constructing a family of new-way Rankin-Selberg integrals for L S (s, π, st). The integrals in the family are parameterized byétale cubic algebras E over F . Precisely, for anyétale cubic algebra E there is an associated simply-connected quasi-split group H E of type D 4 with an Heisenberg maximal parabolic subgroup P . Let E * P (f, s, h) denote the normalized Eisenstein series associated to the normalized induced representation Ind
where ϕ belongs to the space of a cuspidal representation π of G 2 (A). For each cuspidal π the integral Z E (·, ·, s) either represents the standard L-function or is identically zero, depending on whether π supports the Fourier coefficient corresponding to theétale algebra E along the Heisenberg unipotent subgroup or not. See Section 2 for details on the Fourier coefficients. It is shown in [Gan05, Theorem 3.1], that any cuspidal representation supports such a coefficient for at least oneétale cubic algebra E. For such E one has
and for any given point the data ϕ and f can be chosen so that d S (f, ϕ, s) is holomorphic and non-zero in a neighborhood of this points. In this case we say that
can be used to study the special values of L S (s, π, st). In particular, the order of L S (s, π, st) at s 0 is bounded by the order of E * P (f, s, g) at
In the right half-plane, the poles of E * P (f, s, g) coincide with the poles of the unnormalized Eisenstein series E P (f, s, g). In particular, the order of L S (s, π, st) at s 0 = 2 is bounded by the order of E P (f, s, g) at s = 3/10. The poles of E P (f, s, g) at s = 3/10 have been studied at [GGJ02] for E = F × F × F and in the second author's thesis [Seg16] for general E.
) be an Eisenstein series associated to the representation I P (s) of the group H E .
(1) Let E be a cubic field extension. Then The first part will be proved in the last section. Its proof uses a see-saw duality and a Siegel-Weil type identity for the leading terms of Eisenstein series on a quasi-split group of type D 4 . The identities of this type have appeared before in [KR94] , [Ike92] and [GJ00] .
Wave Front
Relating the partial L-function of the cuspidal representation π to its Rankin-Selberg integral requires information on the set of non-degenerate Fourier coefficients along a certain unipotent subgroup that the representation supports. We shall define the relevant Fourier coefficient below. We shall also define the Fourier-Jacobi coefficients and describe the connection between them.
2.1. Fourier Coefficients of SL 2 . Let B = T · N denote the Borel subgroup of SL 2 . We denote by α the unique positive root of SL 2 and denote by x α : G a → N the associated one-parametric subgroup. The torus T (F ) acts on the set of non-trivial characters of N (A) that are trivial on N (F ) and the orbits are parameterized by quadraticétale algebras. Fix a non-trivial unitary character ψ : F \A → C × . For any square class a and its associated quadratic algebra K define the character
Let SL 2 (A) denote the metaplectic cover of SL 2 (A). The groups N (A) and T (F ) split in SL 2 (A).
For any automorphic form ϕ of SL 2 define
The wave front of an automorphic representation σ of SL 2 (A) is defined by
As explained in [GG06, Subsection 12.3] we have:
where the quadratic character χ is associated to K by class field theory.
Fourier Coefficients of
We shall start with an overview of G = G 2 as a Chevalley group, defined over Z. We fix a maximal split torus T G and a Borel subgroup
This determines the root datum of the group. Denote by α and β the short and long simple roots respectively. There are six positive roots
For any root γ we denote the associated one parametric subgroup by x γ : G a → N G and denote its image by U γ . We denote by
The Levi factor M 2 (F ) acts on the set of unitary characters on U 2 (A) trivial on U 2 (F ) and the orbits are indexed by cubic algebras over F . The generic orbits correspond toétale cubic algebras. For any cubic algebra E choose a representative Ψ E of the associated orbit.
For any automorphic form ϕ on G 2 and anétale cubic algebra E denote
For any automorphic representation π of G 2 (A) define the wave front of π with respect to
We shall write down explicitly a character Ψ F ×K on U 2 (A) that is a representative of the generic orbit corresponding to theétale cubic algebra F × K, where K is a quadraticétale algebra. Let a be the square class in F × associated to K. Then
A family of reductive periods is closely related to the family of Fourier coefficients corresponding to the algebras of type F × K. The group G 2 acts on the seven-dimensional space preserving the split quadratic form. The stabilizer of a vector in this space, whose norm is a square class in F × corresponding to the algebra K, is isomorphic to the special unitary group SU K 3 . In particular, when K = F × F the stabilizer is isomorphic to SL 3 . For an irreducible cuspidal representation π of G 2 (A) define
The following properties of Fourier coefficients will be used. They are proved in [GG06] and [RS89] .
Proposition 2.2 ([RS89, GG06]). Let π be an irreducible cuspidal representation of G 2 (A)
and σ be an irreducible representation in A 2 SL 2 .
2.3. Fourier-Jacobi Coefficients. Let P 1 = M 1 U 1 be a non-Heisenberg maximal parabolic subgroup of G 2 . The unipotent radical U 1 is the two-step unipotent subgroup. One has
and Z 1 is the center of U 1 . The group U 1 /Z 1 is the Heisenberg group with center Z/Z 1 ≃ G m . We regard ψ as the character of Z/Z 1 . The Weil representation ω 2 ψ of U 1 (A) /Z 1 (A) is realized on the space of Schwarz functions S (U α ) and is extended to the group
The representation ω 2 ψ has an automorphic realization in the space of Jacobi forms by
For an automorphic form ϕ of G 2 , its Fourier-Jacobi coefficient is defined by
which is a Jacobi form on
The space generated by all such coefficients is denoted by π Z,ψ . This is a representation of the Jacobi group. The automorphic representation F J ψ (π) of SL 2 (A) is defined as the span of all the functions
An easy computation shows:
Proposition 2.3. Let π be an automorphic representation of G 2 and K be a quadraticétale algebra over
2.4.
The Pole of the L-Function and Fourier Coefficients. The next theorem gives information on the Fourier coefficients supported by an irreducible cuspidal representation π of G 2 (A), whose standard L-function admits a pole at s = 2.
(1) The representation π is not nearly equivalent to a generic cuspidal representation.
(2) The wave front F ψ (π) does not contain cubic field extensions. 
Proof.
has constructed a Rankin-Selberg integral for the standard L-function of generic cuspidal representations of G 2 . The construction uses an Eisenstein series on SL 2 . In particular, it is shown that in the right half plane {s ∈ C | Re (s) > 0} the partial L-function of a generic cuspidal representation can have a pole only at s = 1.
(2) This follows immediately from 1.5. (3) This is the most involved part, and the proof is essentially contained in the proof of Theorem 16.1 in [GG06] . We repeat it for the convenience of the reader.
Step 1:
We recall the exceptional dual pair (G 2 , P GL 3 ) in E 6 considered in [GRS97c] .
Step 2: The theta lift of π to P GL 3 is a non-zero representation, orthogonal to the cuspidal spectrum.
One has
where the first equality is due to [Ike94] . In particular the Shalika functional
is not identically zero on π. By [GJ01, Theorem 3.7], non-vanishing of the Shalika functional implies that the theta lift of π to P GL 3 is non-zero. The theta lift θ (π) is non-cuspidal. Otherwise θ (π) would be generic and π would be nearly equivalent to a generic cuspidal subrepresentation of θ (θ (π)). This contradicts (1).
Step 3: RS ψ (π) = 0. By the tower of theta correspondences for G 2 studied in [GRS97c, Theorem A], the theta lift of π to the group P GL 2 , that is a lower step in the tower is non-zero. By [GRS97c, Theorem 4.1.(5)] this implies that π has non-trivial SL 3 period. In particular, F × F ∈ F (π) and hence RS ψ (π) = 0.
Step 4: The pole is of order 2. This also implies, by 2.2(3) that F ψ (RS ψ (π)) = {F × F } and hence RS ψ (π) ⊂ A χ 0 . So π is isomorphic to a summand of V χ 0 . In particular, the partial L-function has a pole of order 2 at s = 2.
In fact, it follows from 1.2. that π is contained in V χ 0 . (4) Recall from [Gan05, Theorem 3.1] that any cusp form of G 2 (A) supports some nondegenerate coefficient along U 2 . Parts (2) and (3) imply the statement.
Induced Representations and Eisenstein series
The proof of the main theorem will involve an identity between two Eisenstein series on the group H = H F ×K . To establish the identity we shall first study the reducibility of the induced representations involved.
In this section we consider two degenerate principal series representations induced from P and another parabolic subgroup Q and also the degenerate Eisenstein series associated with them. We prove a Siegel-Weil type identity relating the leading terms of the two series at certain points.
3.1. Notations. For the sake of this subsection, we let F denote a global or local field. Let K be a quadraticétale algebra over F . We shall write H for H F ×K , the quasi-split simply connected group over F of type D 4 . Let B H be a Borel subgroup of H with unipotent radical N H , a maximal torus T H and a maximal split torus T S in T H . We number the vertices of the Dynkin diagram D 4 by α i , i = 1 . . . 4 such that α 2 is the middle vertex.
If K is a field, let α 1 be the simple root that is defined over F and the field of definition of α 3 , α 4 is K.
The positive roots of H with respect to T , in the split case K = F × F , are
In the case where K is a field, the positive roots of the relative root system of H with respect to T S are
The roots defined over
For a root α ∈ Φ + we denote by F α the field of definition of α and by ϕ α : SL 2 (F α ) → H the associated embedding. In particular, we denote by X α and X −α the associated oneparametric subgroups of H, namely the images of the maps x α , x −α : F α → H given by
and is generated by the roots α 1 , α 3 , α 4 . Under this isomorphism it holds that
Let Q = L · V be the maximal parabolic subgroup obtained by removing the root
, where Spin K 6 is the quasi-split form of Spin 6 generated by the roots α 2 , α 3 and α 4 . Under this isomorphism it holds that
In the split case we parameterize the torus T ≃ G 4 m using the coroots,
In this quasi-split case, the torus is parameterized by the coroots
We denote the space of unramified characters by a * C = X * nr (T, C) and denote by C + the positive Weyl chamber in a * C associated to the choice of positive roots above. The co-ordinates of a * C are given with respect to the fundamental weights. Namely, in the
, where
Consider the induced representations I Q (s) = Ind
We denote the normalized spherical section of I Q (s) by f 0 s = ⊗ ν f 0 ν,s . Similarly, we define I P (s) and I Pν (s). We denote the normalized spherical section of
For w ∈ W H we consider the standard global intertwining operator
where f λ is a flat section of I B (λ). This integral converges absolutely for λ ∈ C + and extends to a meromorphic function on a * C . Remark 3.1.
(1) For any w, w ′ ∈ W , the intertwining operators satisfy the following cocycle equation
(2) For the shortest representative w of a coset in W L \W H , M w, χ Q s restricts to I Q (s).
Similarly for I P (s) and χ P s .
(3) The global intertwining operator M (w, λ) decomposes as a product ⊗M ν (w, λ) of local intertwining operators M ν (w, λ) :
3.2. Induced Representations. In this subsection we study the reducibility of the local degenerate principal series I Qν (1/6) and I Pν (3/10) in various cases. We fix a place ν of F and drop ν from all notations, namely: F is a local field, K is a quadraticétale algebra over F , H = H (F ) and so forth. 
Proof.
(1) If K = F × F , let s 0 = (1, 0, 1, 1), otherwise let s 0 = (1, 0, 1). We note that
On the other hand, by induction in stages
where R is the standard parabolic subgroup of H generated by the root α 2 and X is the Levi subgroup of R. Since Ind Since I P (3/10) is a quotient of I B H (λ s 0 ) it also admits a unique (the same) irreducible quotient Π 0 . The claim follows.
(2) The reducibility in the split case, where K = F × F , was proven by M. Weissman in his thesis [Wei03, Subsection 5.1] using the Fourier-Jacobi functor. We now adapt his approach to the quasi-split case. The case where K is a field will be dealt with in Section 3.3. (3) Let R = P ∩ Q. Then M ∩ R and L ∩ R are maximal parabolic subgroups of M and L respectively with a Levi factor is isomorphic to (
We fix the following characters in X * nr (M ∩ L, C):
In particular, it holds that
In particular, ι P,Q (−1/2, 3/10) = ι Q,P (1/2, 1/6) .
On the other hand, we note that The second part follows from the first by induction in stages.
Since by 3.4 ι P,Q (−1/2, 3/10) = ι Q,P (1/2, 1/6) we can restrict M (w[2342], 1/6) to the image of M (w [1] , 3/10) and obtain a map from I P (3/10) to I Q (1/6). The image of the spherical vector in I P (3/10) is a non-zero spherical vector in I Q (1/6). The surjectivity follows from the second part of 3.2
This also ends the proof of 3.2. I P (3/10)
3.3. Irreducibility of I Q (1/6) when K is a Field. Let K be a field. In this subsection we prove that I Q (1/6) is irreducible. First, let us recall some notations.
Let M ′ = [M, M ] be the derived group of the Levi M of P . Let Z = X [1,2,2] be the center of the Heisenberg group U . We define a polarization A, A ′ ≤ U of the symplectic space U/Z as follows:
We note that this is a polarization with respect to Q = L · V , namely:
,2] (r) = ψ (r), and extend it to a character ψ of AZ. The Weil representation is defined to be
By Stone-Von Neumann this is the unique smooth irreducible representation of U with central character ψ and hence is independent of the choice of ψ. Henceforth we fix ψ to be the extension trivial on A. Our aim is to extend ω ψ to SL 2 (F )
, where r = (r 1 , r 2 , r 3 ) ∈ V with r 1 , r 3 ∈ F and r 2 ∈ K.
Let H = X ⊕ Y be a two-dimensional symplectic space with the standard isotropic polarization. In particular, we have Sp (H) = SL 2 (F ).
The space W = V ⊗ H is equipped with the natural symplectic form and the following polarization
In particular, the dual pair 
We identify SL 2 (F ) with its images, ϕ α 1 (SL 2 (F )) and Sp (H), under these embeddings. Using the splitting S V,H , we make ω ψ , W ψ into a representation of SL 2 (F ) · U . The Fourier-Jacobi functor of a representation π of H is defined by
which is a representation of SL 2 (F ). We note that, according to [Wei03, Propositon 3.1], F J ψ is independent of ψ hence we denote it by F J. Our goal is to compute F J (I Q (s)). 
Also, by [Wei03, Propositon 4.2.3], we have an SL 2 (F )-equivariant isomorphism
(2) Let B denote the Borel subgroup of SL 2 (F ) and let δ B denote its modular quasicharacter. There is an SL 2 (F ) · U -equivariant isomorphism
(1) Applying [Kud, Proposition II. 4 .3] it follows that the Borel subgroup B of SL 2 (F ) acts on ω ψ by
where we consider ϕ ∈ W ψ as a function on V ∼ = V ⊗ Y = A ′ . It follows that
(2) This is similar to the second part of the proof of [Wei03, Theorem 4.3.1]. For f ∈ I B (χ K , 3s) and ϕ ∈ ω ψ let
It follows from the previous item that F ∈ ind It follows from item (2) of 3.7 that
This isomorphism is realized via the map sending f ∈ I
We note that:
We proved an analogue of [Wei03, Theorem 4.3.1]:
A similar argument to that of [Wei03, Section 5.1] shows that the length of I Q (1/6) equals the length of F J (I Q (1/6)). We sketch the proof for the convenience of the reader.
Since the Fourier-Jacobi functor is exact, it follows that the length, ℓ, of F J (I Q (s)) is at most the length, ℓ, of I Q (s). If ℓ < ℓ then F J annihilates ℓ − ℓ factors in the composition series of I Q (s).
Proposition 3.9. For a smooth irreducible representation (σ, V ) of H the following are equivalent:
• F J (σ) = (0).
• σ is trivial.
Let us show how 3.9 implies the irreducibility of I Q (1/6). Indeed, if F J (σ) = (0) then σ is trivial. On the other hand, I Q (1/6) admits a unique irreducible spherical subquotient which, by 3.2 parts (1) and (3), is isomorphic Π 0 . Since Π 0 is the Langlands quotient of a standard model, different from Ind
, it is not isomorphic to the trivial representation due to the uniqueness of the model.
Since F J (I Q (1/6)) = I B (χ K , 1/2) is irreducible we conclude that I Q (1/6) is irreducible.
Proof of 3.9.
The proof is similar to that of [Wei03, Corollary 6.1.4]. First we prove that if σ is trivial then F J (σ) = (0). Plugging non-trivial ψ in the definition of the Fourier-Jacobi functor yields σ Z,ψ = (0) and hence F J (σ) = (0).
On the other hand, assume that F J (σ) = (0). It follows from the assumption that σ Z,ψ = (0) and hence, by [BZ76] , Z acts trivially on σ. For any root α defined over F there exists w ∈ W such that w · [1, 2, 2] = α and hence for any r ∈ F and v ∈ V it holds that
We conclude that for any root defined over F , the associated one-parametric subgroup acts trivially in σ.
We note that (k) acts trivially on σ. Since all roots defined over K are in the same W H -orbit the discussion above implies that X α acts trivially on σ for any root defined over K.
In conclusion, X α acts trivially for any root α. Since H is a simply-connected group, it is generated by these one-parametric subgroups. It follows that H acts trivially on σ. Namely, σ is the trivial representation of H.
Eisenstein Series.
For the rest of this section, we retain the assumption that F is a global number field. For any field extension K of F we denote by ζ K (s) the completed zeta function of K normalized, as in [Ike92] , so that
The Eisenstein series associated to an induced representation I Q (s) is an operator that maps every flat section f (·, s) to
The series converges for Re (s) large and admits a meromorphic continuation. The Eisenstein series E P (f, s, g) associated to I P (s) is defined similarly.
Our goal is to study the behavior of E Q (f, g, s) at s = 1/6 for various K. This is a standard computation. Let us first recall the general strategy, for a further discussion and study of the poles of E P consult [Sega] .
We recall from Section 3.1 the injection
By a standard computation, as in [GRS97a] , it holds that
where
is the set of the shortest representatives of Q\H/B H . We recall Theorem 3.11 (The Gindikin-Karpelevich Formula).
We also note the following corollary to [Ike92, Lemma 1.5] and [KS88, Proposition 6.3].
Corollary 3.12. Let α be a simple root and w α the associated simple reflection and fix w ∈ W . Further assume that
In this subsection we prove: , s) has a simple pole at s = 1/6. The pole is attained by the spherical function. Furthermore, the spherical residual representation
is isomorphic to the minimal representation.
(1) Let K be a field. The following table describes the Gindikin-Karpelevich factor associated to each w ∈ W (L, T ) and the relevant exponents 
In particular, the coefficient of (s − 1/6) −1 in the Laurent expansion of E Q (s, f, g) is 0 which proves holomorphicity of E Q (s, f, g) at 1/6. Note that some exponents (e.g. of w = e) are non-negative and hence the leading term is not square-integrable representation. (2) Now assume that K = F ×F . The following table describes the Gindikin-Karpelevich factors associated to each w ∈ W (L, T ) and the relevant exponent
A pole of order 2 at s = 1/6 is attained by M w [1234] and M w [12342] . By 3.12 M w [2] acts as a scalar multiplication by −1 on
In particular, E Q s, f 0 , g has at most simple pole at s = 1/6. The pole is attained since We now consider the spherical residual representation. It follows from 3.2 that for ν ∤ ∞ the spherical quotient of I 0
Qν (1/6) is the minimal representation. In fact, this holds for any ν. We recall from [GGJ02] that the minimal representation is the unique irreducible quotient of I Pν (3/10). On the other hand, I 0 Q (1/6) is a quotient of I P (3/10) and hence it also has the minimal representation as its unique irreducible quotient.
I Pν (3/10)
The exponents of the terms that contribute the pole of order 1 are all negative and hence, by Langlands' criterion, the residual representation is square integrable. By square integrability we may write
where Π i = ⊗ ν Π i,ν are irreducible quotients of I 0 Q (1/6). In particular, for each i and ν it holds that Π i,ν is an irreducible quotient of I 0 Qν (1/6). From the discussion above it follows that Π = Π min .
In the next section we shall establish a relation between the leading terms of the Eisenstein series of E Q (f, g, s) and the Eisenstein series E P (f, g, s) that governs the analytic behavior of the standard L-function. The analytic behavior of E P (f, g, s) at s = 3/10 is detailed in 1.5. The relation will be the key part of the proof of the main theorem. Let us note that this type of identities exists in much more general situation.
3.5. Siegel-Weil Identity. In this subsection we prove a Siegel-Weil like formula. We start by considering an identity between the leading terms of the Eisenstein series E P and E Q for the spherical vectors.
Proposition 3.14. Let f 0 ∈ I P (s) be a spherical section.
(1) If K is a field then
. Remark 3.15. Note that the spherical vectors in the LHS and the RHS are in two different degenerate principal series representations.
The proof is similar to the proof of [Ike92, Proposition 1.8]. Let us define the following normalized spherical Eisenstein series Proof. We prove this in the case where K is a quadratic extension of F . The split case follows similarly. We consider the normalized Eisenstein series E ♯ B H (λ, g) given in Equation (3.3).
Using the
We consider two lines in a * C given by
) is entire, it is continuous in a neighborhood of µ P 3/10 = (1, 0, 1) = κ 1/6 and µ Since
it follows that Corollary 3.17. Given f ∈ I P (3/10) we denote by f s ∈ I P (s) the standard section such that f 3/10 = f .
Proof.
We consider the case where K is a field for example. Indeed, it follows from the above that
Since f 0 3/10 generates I P (3/10) and E P , E Q and A w [2342] are H-equivariant the claim follows.
3.6. Relation Between Eisenstein Series on Spin 8 and SO 8 . Let (V 8 K , q K ) be a quadratic space of dimension 8 and discriminant K. The group of its automorphisms is denoted by H. It is a quasi-split group over F , split over K of type D 4 . There is an isogeny of algebraic groups 1 → µ 2 → H → H → 1. The parabolic subgroup of H corresponding to Q is denoted by Q. The map p : H(F ) → H(F ) induces the isomorphism of vector spaces
(1/6) has length two. The unique irreducible quotient is isomorphic to the minimal representation.
(1) Assume π is a H ν -subrepresentation of I Q ν (s), then π is generated by any 0 = v ∈ π. Let v = p * (v), by irreducibility I Qν (s) is generated by v, namely
On the other hand, for any h ∈ H ν we have π (h) v = π (p * (h)) v and hence
It follows that π = I Q ν (s). (2) This is proven similarly. Remark 3.19. The structure of I Q ν (1/6) in the complex case is not known to us. However, as explained at the end of the proof of 3.13, the subrepresentation I 0 Q ν (1/6) admits a unique irreducible quotient isomorphic to the minimal representation.
Since the canonical inclusion G 2 ֒→ H factors through H, we get for any g ∈ G 2
Global Theta Lift
The goal of this section is to show that (the leading term of) the Eisenstein series E Q (·, s, h) on H F ×K is the regularized global theta lift of (the leading term of) the Eisenstein series E B (·, g, s) of SL 2 at s = 1/2 associated to the representation I B (χ K , 1/2). Let us recall the set up of the theta lift. The group H is the group of isometries of the quadratic space V 8 K of dimension 8 and discriminant K. We write V 8 K = V 6 K + H, where H = Span{e 0 , e * 0 } is a hyperbolic plane. Then Q is the parabolic subgroup stabilizing Span{e 0 } and its Levi subgroup is isomorphic to T 1 × SO V 6 K , where
The pair SL 2 , H is a dual pair inside Sp 16 . There is a splitting SL 2 (A) × H (A) → Sp 16 (A) that depends on the form q K . We denote the pull-back of the Weil representation ω ψ to SL 2 (A) × H (A) by ω ψ,q K .
The representation ω ψ,q K acts via the Schrödinger model on the space of Schwartz functions S V 8 K (A) . It can be realized automorphically via
For an automorphic form ϕ ∈ A (SL 2 ) and a Schwartz function φ ∈ S V 8 K (A) , the global theta lift θ ψ,q K (φ, ϕ) is defined by
whenever it converges.
In the following discussion we shall omit subscripts and write ω and θ instead of ω ψ,q K and θ ψ,q K when there is no confusion.
4.1.
Regularization of the Lift. Let I B (χ K , s) be a normalized induction of SL 2 (A). The associated Eisenstein series E B (·, g, s) is holomorphic when K is a field and has at most a simple pole when K = F × F . In the latter case the pole is attained by the spherical section f 0 and the residual representation is the trivial representation.
Let K be a field. For ϕ = E (f, g, s), with f ∈ I B (χ K , s), the integral in Equation (4.1) does not converge and hence the regularization is required. Let us recall the details of regularization.
As a first step, we shall define a SL 2 (A) × H (A)-submodule ω 0 of ω such that for φ ∈ ω 0 the function θ (φ) (g, h) is rapidly decreasing as a function of g ∈ SL 2 (F ) \SL 2 (A).
The function θ (φ) (g) is rapidly decreasing whenever ω (g) φ (0) = 0 for all g ∈ SL 2 (A). Fixing an Archimedean place ν 0 , define a map
and put ω 0 ν 0 = Ker T . This allows us to define
given by
is well defined.
Recall that the center Z ν 0 (sl 2 ) of the universal enveloping algebra U ν 0 (sl 2 ) is isomorphic to C [∆] where ∆ is the Casimir operator. The element ∆ acts on I Bν 0 (χ K , s) by the constant s 2 − 1/4. Consider the element z = ∆ − 2 ∈ Z (sl 2 ). Then z annihilates the representation I B (χ K , ±3/2) and acts by a non-zero constant P z (s) on any I B χ Kν 0 , s with s = ±3/2.
Clearly, z defines an SL 2 (A) × H (A)-equivariant map from ω to itself. Moreover, the image is contained in ω 0 since z commutes with T and annihilates I B χ Kν 0 , 3/2 . This allows us to extend the map θ from
The extension is unique for all s = ±3/2. Otherwise, having two possible extensions θ 1 and θ 2 of θ, we notice that θ 1 − θ 2 vanishes on ω 0 ⊗ I B (χ K , s) and hence defines an SL 2 (A)-invariant functional on I B χ Kν 0 , 3/2 ⊗ I B χ Kν 0 , s which must be zero.
Let K = F × F . The leading term of E B (χ K , s) is the trivial representation. The regularization of its theta lift is defined in [GG06] . 4 .2. The Regularized Theta Lift and Eisenstein Series. The next proposition relates the regularized theta lift defined above to the degenerate Eisenstein series E Q (·, s, g) on H F ×K .
We recall [GRS97a, Theorem 6.8]:
Theorem 4.1. Let K = F × F , the residual representation of E Q (·, ·, s) at s = 1/6 is the minimal representation, namely
We now prove an analogue result for the case where K is a field.
Proposition 4.2. Let K be a field and Re (s) ≫ 0. For any φ ∈ ω 0 , f ∈ I B (χ K , s) one has
Proof. This follows by the standard unfolding technique.
The group H (F ) acts on the set v ∈ V 8 K q K (v) = 0 . There are two orbits: the zero orbit and the open orbit represented by e 0 . The contribution of the zero orbit vanishes since φ ∈ ω 0 . Thus the integral above equals
as required. It remains to check that F (φ, f, s) belongs to I Q (s/3). Indeed, for (t, m) ∈ L it holds that
By the formulas in the Schrödinger model one has
and hence
as required.
Note that the section F (φ, f, s) is not standard, but holomorphic for Re (s) ≫ 0. We shall define F (φ, f, 1/2) by analytic continuation.
Proposition 4.4.
(1) For any place ν, the map F ν is holomorphic and non-zero for Re (s) > −3/2. (2) Let K ν be either a split or unramified quadratic extension of F ν . We fix the normalized spherical vectors φ 0 ν ∈ ω ν and f 0 ν . Then
Remark 4.5. If ν is an Archimedean field then
Proof. Recall that the section f (·, s) is flat. In other words the restriction to K does not depend on s. Using the Iwasawa decomposition SL 2 (F ν ) = N · T · K, where K is the maximal compact subgroup of SL 2 (F ν ), we can write
Obviously, the operator L (φ, s) is holomorphic and does not vanish for any ν and Re (s) > −3/2. Moreover, L φ 0 ν , s = ζ ν (2s + 3). Thus, the operator F ν is also holomorphic in that region and if I B (χ K , s) is an unramified representation with f 0 is a normalized spherical vector then It follows that F (φ, f, s) can be analytically extended with the extension being holomorphic at s = 1/2 and its image contains I 0 Q (1/6).
See-Saw Diagram
In this section we prove the 1.7. So far, we have the theta lifts defined for the dual pair SL 2 (A) × H (A) as well as SL 2 (A) × G 2 (A). They fit into a see-saw pair.
SL 2 × SL 2 P P P P P P P P P P P P P is contained in the image of F . Hence, there exist φ ∈ ω 0 and f ∈ I B (χ K , 1/2) such that
ϕ (h) E Q (F (φ, f, 1/2) , h, 1/6) dh = 0.
In particular,
θ ψ,q K (φ) (g, h) E B (f, g, 1/2) dg dh = 0 for some choice of data. Since ϕ is rapidly decreasing on G 2 and θ(φ) is rapidly decreasing on SL 2 , the integral converges absolutely and hence we can change the order of integration, so that (5.1)
ϕ (h) θ ψ,q K (φ) (g, h) dh E B (f, g, 1/2) dg = 0 for some choice of data.
Decompose V 8 K , q K = V 7 , q ⊕ V 1 K , q 1 K , where V 1 K is a one-dimensional quadratic space of discriminant K and V 7 has dimension 7 and discriminant 1. Then Proof. We start by proving that E ♯ B (λ, g) is indeed W -invariant. It suffice to prove it for a simple reflection w β for some β ∈ ∆ since W is generated by these reflections. The set X is a closed subset of a * C of codimension 2. We prove that F (λ, t) is holomorphic on a * C . For any w ∈ W and α ∈ Φ + the poles of F w (λ) along H ±1 α \ X cancel by the zeros of L (λ) along these hyper-planes and since
so is F (λ, t).
Fix a simple root α ∈ ∆. We prove that F (λ, t) is holomorphic along H 0 α \ X. This is enough as F (λ, t) is W -invariant and all short roots are W -conjugate and so are all the long roots. The function F w (λ) admits a simple pole along H 0 α \ X for any w ∈ W . On the other hand, we note that for all λ / ∈ Y F wαw (λ) = F w w 
